CONCERNING CELLULAR DECOMPOSITIONS OF
3-MANIFOLDS THAT YIELD 3-MANIFOLDS

BY
STEVE ARMENTROUT(*)

1. Introduction. In this paper, we shall study cellular decompositions of 3-
manifolds for which the associated decomposition space is also a 3-manifold.
In [4], Bing raised the following question: Does each point-like decomposition of
E? yield E3 if it yields a 3-manifold ? This question can be generalized as follows:
If a cellular decomposition of a 3-manifold M yields a 3-manifold N, then are M
and N homeomorphic? We shall establish conditions sufficient to insure that, under
the hypothesis stated, M and N are homeomorphic.

The main theorem of this paper can be stated as follows. Suppose that M is a
connected 3-manifold and G is a cellular decomposition of M such that the associ-
ated decomposition space is a 3-manifold N. Let P denote the projection map from
M onto N, and let H; denote the union of all the nondegenerate elements of G.
Thus Cl P[H;] is the set of singular points of the map P. Our main result then
states that if N has a triangulation T such that (1) no vertex of T belongs to Cl P[H;]
and (2) for each 3-simplex o of 7, P ~![¢] lies in an open 3-cell in M, then M and N
are homeomorphic.

As a corollary of the main result, we obtain the following result concerning E®.
If G is a point-like decomposition of E® such that P[H] is nowhere dense and the
associated decomposition space is a 3-manifold, then the decomposition space is
homeomorphic to E2. In particular, if G is a point-like decomposition of E® such
that P[Hg] lies in a closed set of dimension two, then the resulting decomposition
space is homeomorphic to E® provided it is a 3-manifold. These results, and others
given in §7, give partial solutions to Bing’s question stated in the first paragraph
of this section.

The results of this paper may be regarded as results concerning cellular maps
from a 3-manifold onto a 3-manifold. If M is a 3-manifold, a cellular map ffrom M
into a space is a continuous function with domain M such that if y e f[M], f =[]
is a cellular subset of M. The following is a corollary of the main result: If fis a
cellular map from S° onto a 3-manifold N and the set of all singular points of f is
properly contained in N, then N is homeomorphic to S3. Other results of this type
are given in §8.
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Some previous results concerning point-like decompositions of E® and S® for
which the decomposition space is a 3-manifold are given in [1], [2], [3], [8] and[12].
Theorem 3 of [2] and the result announced in [3] are corollaries of the theorem of
this paper.

The proof of the main result is given in §6. In §§3, 4 and 5, some preliminary
lemmas are established. Sections 7 and 8 give various corollaries of the main result.
Those of §7 are formulated in terms of cellular decompositions while those of §8 are
stated in terms of cellular maps of compact 3-manifolds.

2. Notation and terminology. Suppose that n is a positive integer. The statement
that X is an n-manifold means that X is a separable metric space, each point of
which has an open neighborhood homeomorphic to E™. The statement that X is an
n-manifold-with-boundary means that X is a separable metric space such that each
point of X has a neighborhood which is an n-cell. If X is an n-manifold-with-
boundary and p € X, then p is a boundary point of X if and only if p has no open
neighborhood homeomorphic to E". The boundary, denoted by Bd X, of the
n-manifold-with-boundary X, is the set of all boundary points of X. The interior,
denoted Int X, of the n-manifold-with-boundary X, is (X—Bd X).

If M is either a manifold or a manifold-with-boundary, by a triangulation of M
is meant a simplicial complex T such that (1) M=\ {t : t € T} and (2) T is locally
finite in the sense that each point of M has a neighborhood which intersects only
finitely many sets of T.

Suppose that X is a topological space and G is an upper semicontinuous de-
composition of X. Then X/G denotes the associated decomposition space, and P
denotes the projection map from X onto X/G. The union of all the nondegenerate
elements of G is denoted by H.

If for some positive integer n, X is either E™ or S™, then the statement that the
subcontinuum A of X is point-like (in X') means that if p is any point of X, then
X — A is homeomorphic to X—{p}.

Suppose that 7 is a positive integer and M is an n-manifold. The statement that
the subset 4 of M is cellular in M means that there exists a sequence C;, C,, Cs, . . .
of n-cells in M such that

(1) if i is any positive integer, C;,;<Int C;, and

(2) A= ﬂf‘; 1 G
It is clear that if A is cellular in M, then A is a compact continuum. It is known
(see [15], for instance) that if X is either S® or E®, then a continuum A of X is
point-like in X if and only if A4 is cellular in X.

If for some positive integer n, X is either E™ or S", the statement that G is a
point-like decomposition of X means that G is an upper semicontinuous decompo-
sition of X such that each element of G is a point-like continuum in X. If nis a
positive integer and M is an n-manifold, the statement that G is a cellular decompo-
sition of M means that G is an upper semicontinuous decomposition of M such that
each element of G is cellular in M.
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If D is a disc and « is an arc, the statement that « spans D means that the end-
points of « belong to Bd D and (Int «)<Int D. If 4 is an annulus and « is an arc, the
statement that « spans A means that one endpoint of « belongs to one boundary
component of A4, the other endpoint of « belongs to the other boundary component
of A, and (Int «)<Int 4.

If M is a set, Cl M denotes the closure of M.

3. Lemmas on cellular decempesitions. The lemmas of this section are of
fundamental importance in the proof of the main result of this paper. Lemmas 1
and 2 are due essentially to T. M. Price [12], [13].

LemMma 1. If G is a cellular decomposition of a 3-manifold M and U is a simply
connected open set in M|G, then P~[U] is simply connected.

Proof. The proof given for Theorem 2.1 of [13] carries over to this case.

LEMMA 2. Suppose G is a cellular decomposition of a 3-manifold M and W is an
open 3-cell in M|G. If P~'[W] lies in an open 3-cell in M, then P ~*[W1]is an open
3-cell.

Proof. The argument for the case n=3 of Theorem 2.2 of [13] carries over with
no change. Since P ~![W] lies in an open 3-cell, it follows that P ~![W]is an open
3-cell.

LEMMA 3. Suppose that G is a cellular decomposition of a 3-manifold M such that
M|G is a 3-manifold N. Suppose that T is a triangulation of N, ¢ is a 3-simplex of T,
and P ~*[o] lies in an open 3-cell U in M. Then if V is any neighborhood of ¢ in N,
there is a polyhedral 3-cell C in N such that e<Int C, C<V, P-}[C]<U, and
P-*[Int C] is an open 3-cell.

Proof. There is a polyhedral 3-cell C in N such that C is a regular neighborhood
of oin N, o<Int C, C<V, and P~*[C]<U. By Lemma 2, P ~![Int C] is an open
3-cell.

4. Lemmas on polybedral 2-spheres.

LEMMA 4. Suppose that X is a polyhedral 2-sphere in a triangulated 3-manifold M
such that X separates M. Suppose that x and y are distinct points of X, and vy is a
polygonal simple closed curve such that x and y belong to v, and distinct components
of y—{x, y} lie in different components of M — X. Suppose that A is a polyhedral
singular disc such that y=Bd A, and A and X are in relative general position. Then
there is an arc « from x to y and contained in A N X.

Proof. Let Ay be a 2-simplex and let f be a continuous function from A, onto A
such that f|Bd A, is a homeomorphism from Bd A, onto y. Let x, and y, be points
of Bd A, such that f(x,)=x and f(y,)=y. Let p and g be points of different com-
ponents of y— X, and let p, and ¢, be points of Bd A, such that f(p,)=p and
J(g0)=4. Note that {x,, y,} separates p, from g, on Bd A,.
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There is a component A of f~![A N X7] such that 4 separates p, and g, in A,.
For suppose not. Since f~![A N X] has only finitely many components, then, if
no one of them separates p, and g, in Ay, then /' ~*[A N X] does not separate p, and
do in A, [10, Chapter IV, Theorem 19]. There is, in that case, an arc 8 in A, from
Dotoqo and lying in Ag—f~1[A N X]. Then f[B] is a continuum in A joining p and ¢
and disjoint from X. Since p and q belong to different components of M— X, f[8]
intersects X. This is a contradiction, so there is a component A4 of f~[A N X]
such that 4 separates p, and g, on A,. Further, both x, and y, belong to 4 since
clearly A contains at least two distinct points of Bd A, and {x,, yo}=(Bd Ao)
N AN X]).

Hence f[A] is a connected finite graph contained in A N X and containing x
and y. Then f[A] contains an arc o from x to y satisfying the conclusion of Lemma4.

Suppose that C is a polyhedral 3-cell in a triangulated 3-manifold M, and A is a
polyhedral singular disc in M. The statement that A is in normal position relative to
C means that (1) (Bd A) N (Bd C) is a polygonal arc « and (2) A is the union of a
polyhedral disc F and a polyhedral singular disc F such that (a) c<=Bd E, (b) EnC
=q, (c) Bd F misses C, (d) (Bd E) N (Bd F) is an arc B such that 8 misses «, and
(e) Fand Bd C are in relative general position.

LEMMA 5. Suppose that C is a polyhedral 3-cell in a triangulated 3-manifold M,
and A is a polyhedral annulus on Bd C. Suppose that n>1 and A, A,, . . ., and A, are
mutually disjoint polyhedral singular discs in M such that if i=1,2,..., 0r n, (1) A,
is in normal position relative to C, (2) (Bd C) n (Bd A)) is an arc «, spanning A, and
(3) A;n (Bd C)<(Int A) U (Bd «;). Then if U is any open neighborhood, in M, of
Int A, there exist mutually disjoint polyhedral singular discs Ay, A, ..., and A,
such that if i=1,2,...,0rn, (1) BdAj=Bd A, 2) A] N C=q;, (3) Aj<A, U U, and
A} is in normal position relative to C.

Proof. If i=1,2,..., or n, let E; be a polyhedral disc and F; be a polyhedral
singular disc such that A;=F, U F;, ;<Bd E,, and E; and F; satisfy conditions
relative to C and one another required in the definition of normal position. In
particular, Bd F, misses C.

Let A, be a 2-simplex and if i=1,2,..., or n, let f; be a continuous function
from A, onto F; such that (1) f;|Bd A, is a homeomorphism from Bd A, onto Bd F;
and (2) f is locally a piecewise-linear homeomorphism. If i=1, 2,..., or n, each
component of ;7 ![(Bd C) N F]is a simple closed curve lying in Int A,. If p is such
a simple closed curve, fi[n] will be called a curve of intersection of F; with Bd C.

Since Ay, A,, . . ., and A, are mutually disjoint, it follows that if i=1,2,..., orn,
FFN(BdC) lies in (Int A)—(e; V-V Yy, U---Ue,). Further, each
component of (Int A)—(o; U-- U e_; Uy U---U ) is an open disc.

Suppose that i=1, 2,..., or n, and y is a curve of intersection of F; with Bd C.
With the aid of [17, Chapter VI, Theorem 3.11], it may be shown that there exists
a simple closed curve J, on Bd C such that (1) J, lies in some component D, of
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(Int A)—(y V- Vey_; Yy, U--+U ), (2) the component C, of F;,nBd C
containing y lies in the disc B, in D, bounded by J,, and (3) the component of
B,— C, containing J, is disjoint from (., F,.

Since each of F;, F,,..., and F, has only finitely many curves of intersection
with Bd C, there is a positive integer j such that j<» and a curve of intersection A
of F; with Bd C such that if k+#j, B, is disjoint from A,. Now A bounds a singular
disc 8, in Int B,. We cut F; along A and then replace the singular disc on F; bounded
by A by §,. We then deform the resulting singular disc slightly to one side of Bd C,
staying in U during the deformation. This is done in such a way that there results a
polyhedral singular disc F{¥’ such that (1) Bd F{¥=Bd F;and FF'<F,u U, (2) Ais
not a curve of intersection of F{» with Bd C, and (3) if y is a curve of intersection of
F{» with Bd C, then y is a curve of intersection of F; with Bd C. Observe that if
k#j, F{" and A, are disjoint.

The singular discs Fy,..., F;_y, F{¥, F;,4,..., and F, satisfy the conditions
assumed for Fi, F,, ..., and F,. Hence the process described above may be re-
peated. After finitely many steps, there result mutually disjoint polyhedral singular
discs Fi, Fy,..., and F, such that if i=1,2,..., or n, (1) Bd F;=Bd F,, (2)
F,cF,u U, and (3) F; misses C.Ifi=1, 2, ..., or n, adjust F; slightly so that if A}
is the union of E; and the adjusted F;, Aj is a singular disc in normal position
relative to C. Then A3, Ay, . . ., and A, satisfy the conclusion of Lemma 5.

5. Constructing homeomorphisms. In order to prove the theorem, we shall need
to construct a homeomorphism from one 3-manifold M onto another 3-manifold N.
In this section, we shall show that such a homeomorphism can be constructed
provided we can embed into M the carrier of the 2-skeleton of some triangulation
of N so that certain conditions are satisfied. These conditions are stated in Lemma 8.
Lemmas 6 and 7 are preliminary lemmas for Lemma 8.

Once Lemma 8 is established, the proof of the theorem is reduced to the con-
struction of a suitable embedding into M of the carrier of the 2-skeleton of some
triangulation of N.

LEMMA 6. Suppose that M is a 3-manifold and T is a triangulation of M. If T, is
the carrier of the 2-skeleton of T and o is any 3-simplex of T, then T,—(Bd o) is
connected.

Proof. Suppose that v and v’ are any two distinct vertices of T not on o. It will be
shown that T, — Bd o contains a connected set containing both v and v’".

Since M is connected, there is a chain {sy, 5, . . ., Sn} of 1-simplexes of T such
that

(1) vis a vertex of s, and v’ is a vertex of s,

2) s, Us;U---Us, is an arc 4, and

(3) 4 N (Bd o) is either (a) a vertex p of T or (b) a 1-simplex s; of T.

Suppose 3(a) holds and consider the closed star St (p) of p in T. By Theorem 1 of
[9], Bd St (p) is a 2-sphere S. Clearly (Bd ¢) N S is a 2-simplex D. Now A N S'is



312 STEVE ARMENTROUT [September

disjoint from D and it is clear that both components of 4 —{p} intersect S. There-
fore (A —{p}) U (S — D) is a connected subset of T — (Bd ¢) containing both vand v'".

Suppose 3(b) holds, and that s;={p,p,> where p, precedes p; on 4 in the order
from v to v’ on A. Let 4, and A, be the components of 4—{p,p;> containing v
and v’, respectively. Let S, and S, denote Bd St (p,) and Bd St (p;), respectively;
S; and S, are 2-spheres.

There is a 3-simplex o’ of T distinct from o and having both p, and p, as vertices.
Let g be a vertex of ¢’ not on o; ¢q is distinct from both p, and p,. Clearlyg € S; N S..
If j=1or 2, (Bd o) N S, is a disc D; and g ¢ D,. Further, if j=1 or 2, 4; intersects
S;— D,. Hence

Ay Y Ay Y (S, —Dy) Y (S:—Dy)

is a connected subset of T, —(Bd o) containing both v and v'.

Hence for each two vertices v and v’ of T not on o, there is a connected subset of
T, — (Bd o) containing both v and v’. Since each component of T, —(Bd o) contains
at least one vertex of T, it follows that T, —(Bd o) is connected.

LeMMA 7. If M and N are 3-manifolds, Z and T are triangulations of M and N,
respectively, and = and T are isomorphic (as complexes), then M and N are homeo-
morphic.

Proof. Let ¢ be an isomorphism from Z onto T. Define a function f as follows:
If v is a vertex of Z, then f(v) =¢(v). Extend f homeomorphically to the 1-simplexes
of , then to the 2-simplexes of Z, and finally to the 3-simplexes of X so that if
o is any simplex of 2, f[o] =¢(0). It is clear that the function f'so constructed is from
M onto N and is one-to-one. Since Z is locally finite, f is continuous, and since T’
is locally finite, f ~* is continuous. Hence f'is a homeomorphism from M onto N.

LEMMA 8. Suppose that M and N are triangulated connected 3-manifolds, T is a
triangulation of N, and T, is the carrier of the 2-skeleton of T. Suppose there exist a
piece-wise linear homeomorphism h from T, into M and a locally finite collection %
of open 3-cells in M such that (1) if o is any 3-simplex of T, there is an open 3-cell U, of
U such that h[Bd o]< U,, but h[T3] does not lie in U,, and (2) if ¢ and = are distinct
3-simplexes of T, U, U,. Then M and N are homeomorphic.

Proof. We shall construct a triangulation £ of M such that Z and T are iso-
morphic. Lemma 8 will then follow from Lemma 7.

For each 3-simplex o of T, let S, denote A[Bd ¢]. By hypothesis, there is an open
3-cell U, of % such that S,< U. Let I, be the component of U, — S, whose closure
relative to U, is compact. Then S, U I, is a polyhedral 3-cell in M. It is easy to see
that S, separates I, and M —(S, U I,), and that M —(S, U I,) is connected.

We shall show now that I, and A[T,] are disjoint. By Lemma 6, T,—Bd o is
connected. Hence A[T;]— S, is connected. If T, intersects I,, then h[T;]— S, lies in
I, and hence in U,. It would follow then that A[T;]< U,, but this is contrary to
hypothesis.
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Next we shall show that if ¢ and = are distinct 3-simplexes of T, I, and I, are
disjoint. Suppose I, and I, intersect. Since I, and I, are connected and, as shown
above, neither intersects the boundary of the other, one lies in the other. Suppose
that I,<1I,. Since S,#S,, then I,#I,. Hence some boundary point of I, lies in ..
This is contradictory since A[T,] and I, are disjoint. Similarly, it is impossible that
I.<1,. Hence I, and I, are disjoint.

Let 2 denote {h[t] : t is a 0-, 1-, or 2-simplex of T} U {S, U I, : o is a 3-simplex
of T}. It is clear that Z and T are isomorphic as complexes. We shall show that X is
a triangulation of M.

First, £ is a locally finite collection. This follows from the following facts:
(1) % is locally finite. (2) If o and = are distinct 3-simplexes of T, U, # U,. (3) For
each 3-simplex o of T, S, U I,< U,.

Now let Z; denote | {S, U I, : o is a 3-simplex of T}. It will be shown that
Z3=M. Suppose that 2 is a proper subset of M. By Lemma 7, there is a homeo-
morphism g from N onto Z;. Since Z is a locally finite collection, Z; is closed in M.
Since M is connected, there is a point x of Z; which is a limit point of M—X,.
There is an open 3-cell ¥ in N such that ¥ is an open neighborhood in N of g~*(x).
Since M is a 3-manifold, g[V'] is open in M and hence intersects M—Z;. But
glV]<=Zs, and this is a contradiction. Therefore T;=M.

It then follows that X is a triangulation of M. Since Z and T are isomorphic, then
by Lemma 7, M and N are homeomorphic.

6. Proof of the main result.

THEOREM. Suppose that M is a connected 3-manifold, G is a cellular decomposition
of M such that M|G is a 3-manifold N, and N has a triangulation T such that (1)
no vertex of T belongs to the closure of P[H] and (2) if o is any 3-simplex of T, there
is an open 3-cell in M containing P ~*[c]. Then M and N are homeomorphic.

The proof of the theorem is based on Lemma 8. M has a triangulation [5], [9].
We shall construct (1) a piece-wise linear embedding 4 of the carrier T, of the 2-
skeleton of T into M and (2) a locally finite collection % of open 3-cells in M such
that h and % satisfy the hypothesis of Lemma 8. It will then follow that M and N
are homeomorphic.

In order to construct the embedding 4 of T, into M, we construct a polyhedral
2-complex Z in M such that Z and the 2-skeleton of T are isomorphic complexes and
Z satisfies certain additional technical conditions.

Speaking roughly, we shall construct the 2-complex Z by using P ~* to “lift” T,
into M. It should be emphasized, however, that P ~! is by no means necessarily a
local homeomorphism. Hence our procedure will be, roughly, to use P ~[T,] as a
guide in constructing Z. For each simplex s of T of dimension 0, 1, or 2, we ap-
proximate P ~![s] with a polyhedral set. These approximations may have singu-
larities. From these polyhedral sets we will then construct the 2-complex X.
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The major difficulty is in constructing the 2-simplexes of Z and insuring that they
fit together properly. As an aid toward the construction of Z, we divide T, into two
pieces and construct the 2-simplexes of Z in two corresponding pieces. We construct
a tubular neighborhood X of the carrier T, of the 1-skeleton of 7. We then use P~
to “lift” K into M to yield a tubular neighborhood K’ of the carrier Z, of the 1-
skeleton of Z. We construct each 2-simplex of X in two steps: the part of the
2-simplex in K’, and the part not in K'.

Therefore the proof can be divided into three main parts. The first is the construc-
tion of the tubular neighborhood K of T; and certain associated sets. The second is
the construction of the tubular neighborhood K’ of Z, in M. The last is the con-
struction of the simplexes of £ and of the embedding 4 of T, into M.

Proof of the theorem. N has, by hypothesis, a triangulation T, and the statement
that a subset of N is polygonal or polyhedral means with respect to T. Later in the
proof we shall choose a triangulation of M.

In the proof of the theorem, we use a process of thickening arcs, discs, and other
subsets of N. This process, not described in detail in this paper, may be carried out
with the use of Whitehead’s theory of regular neighborhoods and suitable sub-
divisions of the triangulation T.

The 2-complex to be constructed in M is denoted by Z. If i=0, 1, or 2, T, and Z;
denote the carriers of the i-skeletons of T and Z, respectively.

Since the proof of the theorem is long, we have broken the proof into 12 steps.

Step 1. For each 3-simplex o of T, we shall construct an open 3-cell U, in M
having certain properties. First we choose certain 3-cells in N. If o is a 3-simplex of
T, there is, by hypothesis, an open 3-cell U? in M such that P ~[¢]< U?. Since G is
upper semicontinuous, there is an open set ¥'? in N containing ¢ and such that
P-1[V9]= UL. Let #” be the set of all 3-simplexes of T; ¥  is a countable locally
finite collection of closed sets covering N. It may be shown that there is a locally
finite collection &/ of open sets such that if o € #] there is a set of & containing
o and contained in V2. For each 3-simplex o of T, let W2 be an open set of & such
that o< W2 and Woc V0.

If o is a 3-simplex of T, there is, by Lemma 3, a 3-cell X, in N such that e<Int X,,
P-1[Int X,]J< U2, P~ [Int X,] is an open 3-cell, and X, lies in the open star (in T)
of o. For each 3-simplex o of T, let U, denote P ~![Int X,]. Then

{U, : o is a 3-simplex of T}

is a locally finite collection of open 3-cells covering M such that if ¢ is any 3-simplex
of T, P ~*[¢]< U,. Note that for each 3-simplex o of T, X, contains no vertex of T
distinct from the vertices of o.

Step 2. We shall construct a tubular neighborhood K of T;. Let v;, vy, . .. denote
the distinct vertices of T. Let C,, C,, . . . be mutually disjoint polyhedral 3-cells in N
such that if v, is any vertex of T, then

(1) v; € Int C, and C; is disjoint from the closure of P[H;],
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FIGURE 1

(2) If v, is a vertex of T such that (v, is a 1-simplex of T, there is a point p;; of
Int <vw;) such that {vp;,> N Bd C={py},

(3) C; intersects various 1- and 2-simplexes of T as indicated in Figure 1, and

(4) if o is any 3-simplex of T having v, as a vertex, then C;<Int X,, but if o is any
3-simplex of T not having v, as a vertex, then C; and X, are disjoint.

Let {vy,v;,>, <v3,05,>, . . . denote the distinct 1-simplexes of T. Let Ly ;,, L, . ..
be mutually disjoint polyhedral 3-cells in N such that if (v, is a 1-simplex
of T,

1) Lj=L,,

(2) C;n Ly is a polyhedral disc A;; such that Aj;=Bd C;"BdL; and p;,
€ Int Ay,

(3) ift=1,2,... and ¢ is neither i nor j, then L;; and C, are disjoint,

(4) L,; intersects {v,v;> and various 2-simplexes of T as indicated in Figures 2
and 3, and

(5) if o is any 3-simplex of T having <{v,> as an edge, then L,;<Int X,.
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<o)

FIGURE 2

The tubular neighborhood X of T is
(U A{C; : vy is avertex of T) U (U {L, : {vw,) is a 1-simplex of T}).

Step 3. Suppose {vw;> is a 1-simplex of 7. We shall describe some subsets of
Bd L,;. Let A,; denote

Bd L,,—(IntA,; U IntA);

Ay; is an annulus whose boundary curves are Bd A;; and Bd A;,. Note that 4;,=A4,,.
If <{vw,v,) is any 2-simplex having <{vy,> as an edge, let =;; denote the arc A4,
N o0, 5 my =y and =y, spans A;;. See Figure 4.

Recall that C; and C; are disjoint from Cl P{H;]. There exist, then, disjoint
annuli B, and B, on A,; such that

(1) B, and B are disjoint from Cl P[H],

(2) Bd A is one boundary component of B,;, and Bd A is one boundary com-
ponent of By, and

(3) By, and B, intersect the various arcs m, as indicated in Figure 4.

Let F;; denote Cl [4,,—(B,; U By)); F, is an annulus contained in Int 4.

Let <vw;vy,>, vk, - . -, and {vwy,,,> denote the 2-simplexes of T having
{vw,) as an edge. There exist disjoint polyhedral discs Qyi,, Qi - - -» and Qg
such that if k=k,, ks, ..., or k,
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FIGURE 3

(1) Qi< Ay; and Bd Qy is the union of two spanning arcs of 4,,, an arc on
Bd A, and an arc on Bd Ay,

(2) the arc m, spans Q,;, and

(3) Qi lies on A;; as shown in Figure 5.

Let &, denote the set of all E such that either

(1) for some positive integer k such that {v,,v,) is a 2-simplex of T, E=F;; N

Qux, OF
(2) E is the closure of a component of

Fiy—\U {Qui : {owsvp) is a 2-simplex of T}.
Each set of &, is a disc lying on Fj; and such that E N Bd F;; is the union of two
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disjoint arcs, one on each boundary component of F,. Further, there is a cyclic
ordering

Eijl, EUB9 R ] EUA(;

of the sets of &, such that if each of k and /is a positive integer not greater than A,
then

(1) Ey and E,; intersect if and only if either |[k—1/|=1 or {k, I}={1, A}, and

(2) if E,;, and E,;, intersect, then E,; N E,;, is an arc spanning the annulus F;,.

Step 4. We shall now describe certain open subsets of N associated with Bd K.
Consider the annuli F, ,, F,,,, .. .. There exist mutually disjoint open sets (in N)
F¥,,F%,, ... suchthatift=1,2,...,

(l) Edthi‘:lv

(2) if vy is a vertex of T, F*,, and C, are disjoint,

(3) if s#1, L, ;, and F¥,, are disjoint,

(4) Ft, is disjoint from T7, and

(5) Fi,, is disjoint from each 2-simplex of T not having <v,v,> as an edge.




1968] CONCERNING CELLULAR DECOMPOSITIONS 319

Suppose now that {vw,> is a 1-simplex of 7. There exist connected open sets
Wi, Wisa, . . ., and Wy, such that

1) ifr=1,2,...,0r Ay,

(i) W, is obtained by a slight thickening of E,y,
(i) Eiyp< Wy, and W< FJ,
(iii) W, is simply connected, and
(iv) if o is any 3-simplex of T having {v;v,> as an edge, then W, <Int X,, and

(2) ifs=1,2,...,0orAjand t=1, 2,. .., or A, then W,;; and W, intersect if and
only if E,;, and E,;, intersect, and if W, and W,; intersect, their common part is
connected.

Let W,; denote | J}¥; W,;. Then W, satisfies the following conditions:

(1) FcW,,.

(2) W, intersects no 2-simplex of T not having <{vp,> as an edge.

(3) For each vertex v, of T, C,, and Wj; are disjoint.

(4) If (o) is a 1-simplex of T distinct from <{vv,», L, and W, are disjoint.

(5) If o is any 3-simplex of T having {v»;> as an edge, then W;,<Int X,,.

(6) There is a polyhedral 3-cell Y, contained in L;,— W;; and such that

(i) Y; nAyand Yy N Ay are discs such that p;; and p;, belong to their respective
interiors, and

(ii) Y;; meets each 2-simplex of T having <{v;v;> as an edge as indicated in
Figure 6.

Before we start on Step 5, we introduce some notation to be used throughout
the remainder of the proof. If X is any subset of N, then X denotes P~*[X]. If p
is any point of N and there is only one point x of M such that P(x)=p, then p
denotes x.

Step 5. We first choose a triangulation of M. We may, by [5], [9], regard M as a
triangulated manifold. It is easy to see that for each vertex v, Bd C, is locally tame
[7], and for each 1-simplex <v,,», B;; and B, are locally tame. By [7, Theorem 8],
there is a triangulation of M relative to which the C/’s, the E,’s, and various
associated sets, are polyhedral. Choose one such triangulation of M ; the statement
that a subset of M is polygonal or polyhedral means relative to this particular
triangulation of M.

Now for each 1-simplex <{v;v;> of T, we shall construct an annulus 4;, in M that
corresponds to the annulus A4;; in N.

Suppose that <v;v,> is a l-simplex of T. Let x;, x,, ..., and x,, be points of
B; N F, and let y,, y,, .. ., and y,,, be points of B;; N F; such that if r=1,2,...,
or A;—1, the arc Ej;; N Ejjq 41, has endpoints x, and y,, and the arc E;;; N Ej;,, has
endpoints x,,, and y,,,.

Consider the sets Wiy, Wijs, ..., and Wy, . If t=1,2,..., 0or oy, Wijy 0\ Wiy
is connected and hence so is W, N W, 1, There is, therefore, a polygonal arc
ud, from %, to y, lying in W, N Wy, ,,. Similarly, there is a polygonal arc By
from %,, to 7, lying in W, 0 Wy,
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Ift=1,2,..., or A;—1, let %%, and j,j,,, denote arcs of E‘j N E, and Eﬁ
N Fy,, respectively, lying in W,,, and let %, denote

XiXev1 Y pige Y e Y YeVrsa-

Let X,%,, and j,7,, denote arcs of B, N F; and Bj; N F,, respectively, lying in
W‘ﬂ\ll’ and ]et ‘y?jM/ denote

X1 Xny Y pizy Y pigag Y Y1V

If t=1,2,..., or Ay, then y%,c W,,; since W,, is simply connected, then by
Lemma 1, so is W,;,. Therefore 3, bounds a polyhedral singular disc I'y;; contained
in W,

Let Q,; denote

~ ~ Alj
BU U Bﬂ U (tk:Jl Fu)'

Then €; is a polyhedral singular annulus such that

(1) Bd Q,=(Bd &,) U (Bd &,),

(2) Bd Q;; has a neighborhood on Q;; which contains no point of singularity of
Q,,, and

(3) QWU B, B,

Let Z;; denote Int (C; U C,; U Y})). Then Z,, is a connected open set, v; and v,
belong to Z,;, and Z;; and W;; U B;; U Bj; are disjoint.

It is clear that Z; contains a polygonal arc g, from # to #; such that ¢;; contains
exactly one point of each of Int A, and Int A,.

Suppose now that & is some positive integer such that (vw,v,) is a 2-simplex of T.
Let ¢, denote ¢;; U ¢y U ;i ; @5 i @ polygonal closed curve. Since ¢y, contains
exactly one point of each of Int A,; and Int A, then g, links each of Bd A,; and
Bd A,. For a definition of linking of polygonal closed curves as it is used here,
and proofs of some elementary properties, see [6, pp. 480-482].

By [14), there exists a nonvoid subset € of {Bd A,, Bd A,} and a nonsingular
disc or annulus A;; such that

(1) the curves of ¥ are the boundary curves of 4;;, and

(2) Ay<W,; L B, U B,

Now it will be shown that A;; is not a disc. Suppose that 4, is a disc. Then
Bd A is either Bd A, or Bd A,,. Suppose Bd 4,,=Bd A,,. Since ¢, links Bd 4,,,
it follows that ¢, intersects A;,. However, since A< W,; U B, U B, g2,
UZ,YZ,, and W, U B, B,and Z, U Z, U Z,, are disjoint, this is a contra-
diction. Similarly, it is impossible that Bd 4;;=Bd 5,,. Therefore, A;; is an annulus,
and

Bd 4;; = Bd A,; U Bd A,

It is clear that

(1) 450 C;=Bd 4,

() 4;;n C;=Bd 4, and
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(3) if t=1,2,... and ¢ is neither i nor j, then C, and A, are disjoint.

Step 6. We may now construct a set K’ in M which will be a tubular neighbor-
hood of the carrier Z, of the 1-skeleton of Z, and which corresponds to the tubular
neighborhood K in N.

Suppose that (vp,> is a 1-simplex of T. It is clear that 4;, U &, U A, is a poly-
hedral 2-sphere; let S, denote Aj; U A,; U A, Further if ¢ is any 3-simplex of T
such that (v, is an edge of o, then S;,< U,. Hence S|, is the boundary of a poly-
hedral 3-cell L;; in M such that the following conditions hold:

(1) If {v,v,) is a 1-simplex of T distinct from {vv,> then L;, and L,, are disjoint.
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() If t=1,2,..., then C, and L}, intersect if and only if =i or t=j, and if
t=ior t=j, then Lj; n C, is a disc common to Bd L;, and Bd C,.
Let K’ denote

(U {C, : v, is a vertex of TY) U (\J {Li; : {vw,> is a 1-simplex of T}).

Step 7. In this step, we prepare for the construction of X, and Z,.

Suppose that {v;v,;,> is a 2-simplex of T. Then <vw;v,> —Int (C;U C; U C})isa
disc & There is a polygonal arc «;;, such that

(1) ey spans e, has one endpoint on {v;v;), the other endpoint on {v;v;), and is
disjoint from the arc &, N Bd C;,

(2) o intersects each of Bd Y,;, Bd Y,,, Bd L,;, and Bd L, in one point, and
o intersects Bd L;; in one point which lies in B;;— W,;.

(3) If m?;, denotes the closure of the component of & —a;; containing e
N Bd C,, then m, is disjoint from the closure of P[H). See Figure 7.

There are discs m$,, and mg,, satisfying analogous conditions and in addition,
m., ml, and mY,, are to be mutually disjoint.

Let my,, my, and my,, denote the discs mf,—Int K, md,—Int K, and my,
—Int K, respectively. See Figure 8.

Let 7,; be the arc in Int {vw,v,> N Bd Y;; having one endpoint on «; and the
other on «j,. Let 7, and 7, be arcs satisfying analogous conditions. Let «f}, be the
subarc of «; whose endpoints are those of =;; and 7y on «y,. Let 6,; denote
Ty U Ty U T U ol U e U afy;. Oy is a polygonal simple closed curve lying in
Int (vw,v,>. Let 8, be the subdisc of {vv;u,) bounded by 6,,,. Observe that

(1) 8;<Int {v,v,> and

(2) 8, is disjoint from each of C;, C;, and C,.

Suppose that {v;,0;,0x,>, {V;,01,Vk,>, - - . are the distinct 2-simplexes of T. There
exist mutually disjoint open sets Vi ; x,, Viyisks> - - - Such that if {vps0,> is a 2-
simplex of T, then

(1) Vi is obtained by a slight thickening of 8y, 8, < Vi, and Vi is simply
connected,

(2) if v, is a vertex of T, C; and Vy, are disjoint,

(3) Vipe N T Int vwsv,),

@) ViV int Y; Ulnt Y, U Int Yy, is a simply connected, connected open
set,

(5) each of Vi, N Int Y, Vi N Int Yy, and Vi, N Int Yy, is connected,

(6) each of Vi N myy, Vi A my,, and Vi N myy, is connected, and

(7) if o is any 3-simplex having {vw,v,) as a face, then V,,<Int X,. See Figure 9;
this shows a part of ¥, near Bd C;. Bd C; is omitted and parts of A;; and Ay are
cut away.

Step 8. We shall now construct, for each 1-simplex (vv,> of T, arcs =y, on A,
that correspond to the arcs my, of A,

Suppose that <v,v,) is a 1-simplex of T and that {vv,v;) is a 2-simplex of T having
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FIGURE 8

{v;) as an edge. Let w;; and w;, be the éndpoints of the arc o,y on {vw,> and
{vw,), respectively. Let wy; and wy, be the endpoints of the arc o on {v;v;> and
{v0, respectively. Let wy; and w,; be the endpoints of the arc oy, on {v.v;>
and <{vv,), respectively.’

Let py;. be a simple closed curve in M which is a-union of arcs as follows:

(1) An arc in P! [Int Y,;] from W;; to Wy,.

(2) An arcin P! [Int Y] from W, to Wy,.

(3 An arcin P! [Int Y, ] from W to W,,.

(4) The arcs a4, @i, and iy
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The simple closed curve pyy, lies in
PV, vint Y, Ulnt Y, U Int Y, ].

Now consider the arc o5, and Bd L;;. It follows from the construction of «;, that
there is a point z;, such that o, N Bd L;;={z,;}; further, z,; € Int B;;and z,, ¢ W,,.
Similarly, there is a point z,;, such that z,, € Int By, z,, ¢ Wy, and e, N Bd Ly,
={zu}. There are points z,;, and z;; of ey, and z,,; and z,; of &, having analogous
properties.

It follows from the construction of the 2-sphere S;; (in Step 6) that p,, has
exactly two points, 2, and Z;,, in common with S;;.

Let o be some 3-simplex of T having <v,v,v;) as a face. Then different components
of pyx—{Zik Zsuc} lie in different components of U,—S,;, and hence in different
components of M—S;;.

Since

Vine U (Int Yiy) U (Int Yy) U (Int Yy)

is simply connected, then by Lemma 1,
P~ [Vip Y (Int Yy) U (Int Yy,) U (Int Y]
is simply connected. Hence py; bounds a polyhedral singular disc p lying in

P-1[Viu VU (Int Yy) U (Int Yy) U (Int Yy)),
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in U,, and in general position relative to S,;. Note that p¥, is disjoint from A,
and A,

By Lemma 4, there is an arc 2,2, on S;; from Z; to Z; and contained in
Siy N pix. Since Sy is disjoint from

P~[(Int Y;y) U (Int Yy) U (Int Yy)]

by construction, it follows that Z;Z; lies in V. Further, Z,Z,,<Int Aj,.

Recall that 4;; N {vv,u,) is an arc m,. Let g, and g, denote the endpoints of
mgu on Bd C; and Bd Cj, respectively. Clearly z;;, and z;, belong to Int m. It
follows that the subarcs ;52 and g,z of my, are disjoint from Cl P[Hg].

Let #,,, be the last point on 7,2, (in the order from Z,; to Zj, on Z,Z;) of
GisnZises and let 1y, be the first point on 2,4 (in the order from Zy, to gy, on
Zudye) of the subarc #,;,Z, of Z,,Z.. Then let m;;, denote the union of

(1) the subarc gisitisi Of GisiZie

(2) the subarc t,;.t; of 22k, and

(3) the subarc ;g of Z;G i

Consider the disc m,,. Since V. N myy, is connected, there is an arc B;;, spanning
My, having endpoints #;; and 7, and lying in Vi Let nyy be the subdisc of my
which is the closure of the component of m,,, — P[B,;] containing points on Bd C;.
Then nyy, is disjoint from Cl P[H] because m;, is disjoint from Cl P[H;].

There exist arcs B, and By, and discs ny, and n,;; with analogous properties.

Let =, denote the subarc #,;t; of m;,, and let 7}, and =, denote subarcs of
i and ry,,, respectively, defined analogously.

Let py,, denote

” L4 ”
Buisie Y Bie Y Bris Y mige Y i Y g

Then p,, is a polygonal simple closed curve lying in V.
Step 9. In this step, we shall describe ¥, and Z,, and begin the construction of
Z,. X is defined to be

{D; : vy is a vertex of T}.

Suppose that {vwp,) is a 1-simplex of T. Recall that <{v,v;v),>, (V,, . . ., and
{U;,,,,> are the 2-simplexes of T having <vv;> as an edge. If s=1,2,..., or
d(if), there is an arc m,,, with one endpoint on Bd A,,, the other on Bd A, span-
ning Ay, and lying in P,,; see Step 8.

There is a piecewise linear homeomorphism g, from L,; onto L, such that
(1) gy (A VA)=P~*|(AVA) and (2) if k=1,2,..., or d(§), &,lmud="mis.
Now let g be the piecewise linear homeomorphism from K onto K’ defined as
follows:

(1) If v, is a vertex of T, g|C;=P ~!|C,.

(2) If {vw,) is a 1-simplex of T, g|Li;=gy;.
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For each 1-simplex {v;v;> of T, let e;; denote g[<vw,>]. Let Z, denote
U {ey : <vw,> is a 1-simplex of T}.

Step 10. Suppose that (v, is a 2-simplex of T. Corresponding to <{vv,u,>,
there is to be a 2-simplex D, of Z. The boundary of D,y is to be y,;; where y,;
=g[Bd {vp,v.>). We get D,;, by constructing two sets as follows: (1) A nonsingular
annulus Oy, with boundary curves y;, and u,;, (described in Step 8) and (2) a
singular disc R;; with boundary p,; and disjoint from y,,. In this step, we describe
O, and a certain singular disc RY;, to be used in the construction of R,.

First we shall describe the annulus Oy. Let y,, denote g[Bd <{vw,v,>1; yise
=ey; U ey U ey. Let Oy, denote

glK N (o] U gy U gy U ;s

the discs n, ny,, and n,; are described in Step 8. Clearly O, is a polyhedral
annulus and Bd Oy, =v,;. U .. Further, if (v, is a 2-simplex of T distinct
from <{vpv,), then Oy and Oy, intersect if and only if {vv,,> and {v,,0,> inter-
sect, and (1) if vpv,) N {vvw,) is a 1-simplex <{v,) of T, then Oy, N O, =ey,,
and (2) if, for some vertex v, of T, {v;v,) N {vv,> ={v}}, then O,y N Oy, ={D)}.

We shall now construct the singular disc Ry;,. We first construct strips to be
attached to A4;;, Ay, and A, ; the purpose of these strips is to insure that Ry, is in
normal position relative to each of Lj;, L, and L;,. Let s, be a disc lying in P,
whose boundary is the union of the following arcs:

(1) The arc pyy N Aj;.

(2) A very short subarc #,,t/;,. of the arc f,,t;.

(3) A very short subarc #;;,t5;, of the arc #;,.2.

(4) ‘An arc B, from t/, to tj, lying in ¥, disjoint from

Cul,uC VL, VUL, ULy,

and “parallel to” the arc p, N A;;. We think of s, as a narrow strip attached
to Ai;.

There exist strips s, and s2;, points #j;; of the arc #;,t;, ty; and tiy of the arc
st and 1y, of the arc #,t;, and arcs B, from 2, to 15, and B, from #,,; to £,
having analogous properties.

Let u,;, denote the simple closed curve

* o ' o v,
Bl Y B Y By Y tiitins Y tiut i Y tiastins

pize lies in Wy Since Vi, is simply connected, there is a polyhedral singular disc
R, such that Bd R}, =piy, and Rij,< P,y Let R, denote

’ 0 .
R“k V) Sgk v S?m V) Sikiss
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R, is a polyhedral singular disc lying in ¥, and such that (1) Bd R}, =pu; and
(2) R is in normal position relative to each of L;;, L;, and L},.

Note that if {vp,0,) and {v,w,) are distinct 2-simplexes of T, then Rf;,. and RS,
are disjoint.

Step 11. It may not be true that for each 1-simplex <{vv;u,) of T, R}, and y,,, are
disjoint. In this step, we use Lemma 5 to obtain mutually disjoint singular discs
Ry, each disjoint from X,.

Consider the 1-simplexes <v,,v;,>, <vi,v;,>, . .. of T. Let Uy, Us, ... be mutually
disjoint open sets in M such that if s=1,2, ..., then

(1) Int 4;,,<U.,

(2) for each vertex v, of T, U, is disjoint from C,,

(3) if Cvwv,y is a 2-simplex of T, then RY, intersects U, if and only if RY),
intersects 4;_;,, and

(4) if o is any 3-simplex of T having <v,v,,> as an edge, then U,< U,.

Recall that if {v;v;,> is a 1-simplex of T, there are d(ij;) distinct 2-simplexes of T
having {v,v,,> as an edge. If s=1, 2, .. ., or d(i;j;) and {v,,v,,v,,) is a 2-simplex of T,
let R, denote RY,,y,.

First consider <{v,,v;>. By Lemma 5, there exist mutually disjoint polyhedral
singular discs Ri;, Ris, ..., and R}y, ;,, such that if s=1,2,..., or d(iij,), then

(1) Ri N Ly, =m0,

(2) Bd R};=Bd RY,, and

(3) Ri,cU; VR,

If =2, 3,..., then for each 2-simplex {v;v,v,,> of T, let Ri; denote Rf. Then the
following statements hold:

(1) If <v,v;v,,> and {v,p,v,,> are distinct 2-simplexes of T, then Rj, and R}
are disjoint.

(2) If <v,v;vg,> is a 2-simplex of T and v, is a vertex of T, then R}, and C, are
disjoint.

3) If <v,v,;,> and <{vw,> are l-simplexes of T distinct from {v,v,> and s
is a positive integer such that <{v;v,v,,> is a 2-simplex of T, then R}, N S, =
R N Sy

Now consider (v,,v,,>. The process described above, which used L{ ;, and the
singular discs RY;, R, . . ., and Ry, ;,,, may be repeated using L;,,, and the singu-
lar discs R}, R}z, ..., and Rlyy,;,). There result mutually disjoint polyhedral
singular discs R%;, R%,. .., and Ry, If =1, 3,4, ..., then for each 2-simplex
<v,v,0x,> Of T, let R denote Rj;. The singular discs R, have properties analogous
to those of the discs RL mentioned above, and, in addition, the following: For
any 2-simplex <v,v,v,,> of T, if u=1or 2 and S;,;, and R}, intersect, then i,=i,
Ju=J: and St,.ju N R?s":";rj.k.'

This process may be continued, considering <v;,v;,>, <vy,v;,>, . . .. There results,
for each 2-simplex {vw,v,> of T, a polyhedral singular disc Ry; such that the follow-
ing statements hold:
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(1) For any 2-simplex (vw;v,> of T, Bd R,;,=Bd R{;,, and for each vertex v,
of T, R, and C, are disjoint.

(2) If <vw,v,y and {vvw,> are distinct 2-simplexes of T, then R;; and Ry, are
disjoint.

(3) If {v;» is any 1-simplex of T and <{vvv,) is any 2-simplex of T, then L;;
and Ry, intersect if and only if / and j belong to {s, ¢, u} and if Ry, intersects L;,,
Ry, N L}, is the arc .

Now we may construct the carrier X, of the 2-skeleton of X. Suppose that
(v, is a 2-simplex of T. It is clear that R;; does not intersect

Int[CiuC,ul, UL, UL,VUL),.

Hence R;j. U Oy is a polyhedral singular disc with boundary y,,,, and there is a
neighborhood of y,,, containing no point of singularity of R, U Oy,. Further, if ¢
is any 3-simplex of T having <{vv,v,) as a face, then R,;;, U Oy, < U,.

With the aid of Dehn’s lemma as proved by Papakyriakopoulos [11], it may be
shown that for each 2-simplex {vw,v,> of T, there is a polyhedral disc D, such
that

(1) Bd Dye=vyu;

(2) there is an annulus on D;; N Oy, having y,;,. as one boundary component,

(3) if <{vvw,) is any 2-simplex of T distinct from {vw,v,), then Dy N Dy,
=0y N Ogy, and

(4) if o is any 3-simplex of T having {v,v,v,) as a face, then D, < U,.

Define X, to be

U {Dy : <vw, is a 2-simplex of T}.

Step 12. We may now define £ and construct an embedding 4 of T, into M.
Define X to be

{D; : vy is a vertex of T} U {e;; : {v;> is a 1-simplex of T}
U {Dyy : <vsv,) is a 2-simplex of T}.

Let ¢ be the function from the 2-skeleton of T onto X defined as follows: (1) If v;
is a vertex of T, p(v)=70;. (2) If <vw,> is a 1-simplex of T, ¢({vw,>)=e;. (3) If
v, is a 2-simplex of T, ¢(<vw;v,»)= Dyj,.. Clearly ¢ is an isomorphism.

Z is a locally finite collection of subsets of M. This is true because (1) {U, : o isa
3-simplex of T} is locally finite and (2) if o is any 3-simplex of T and r is any proper
face of o, p(7)<= U,.

It follows that there is a piecewise linear homeomorphism A from T, onto X,
such that (1) for each vertex v; of T, h(v;)=0;, (2) for each 1-simplex <{vwp,> of T,
h[<{vw;>]=e,;, and (3) for each 2-simplex {v;v> of T, h[{vw,vx>]= Dy It is clear
that if o is any 3-simplex of T, h[Bd ¢]< U,. Recall that the set X, is constructed in
Step 1 so that if 7 is a 3-simplex of T distinct from o, X, contains no vertex of r.
It follows that if = is any 3-simplex of T distinct from o, #[Bd 7] does not lie in U,.
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In addition, U, # U,. Then by Lemma 8, M and N are homeomorphic. This com-
pletes the proof of the theorem.

7. Corollaries of the main result.

COROLLARY 1. Suppose M is a 3-manifold, G is a cellular decomposition of M
such that M|G is a 3-manifold N, and N has a triangulation T such that (1) no vertex
of T belongs to Cl P[H] and (2) if o is any 3-simplex of T, there is an open 3-cell in M
containing P ~[a]. Then M and N are homeomorphic.

Proof. Apply the theorem to each component of M.

COROLLARY 2. Suppose that M is a 3-manifold, G is a cellular decomposition of M
such that M|G is a 3-manifold N, and P[H;] is a nowhere dense subset of N. Then M
and N are homeomorphic.

Proof. Since G is a cellular decomposition of M, there is a triangulation T° of N
such that if o is any 3-simplex of T°, P ~![0] lies in some open 3-cell in M. Since
P[H] is nowhere dense in N, so is Cl P[H;]. A slight adjustment of the vertices
of T yields a triangulation T of N such that (1) no vertex of T belongs to Cl P[Hj]
and (2) if o is any 3-simplex of T, P ~![o] lies in an open 3-cell in M. By Corollary 1,
M and N are homeomorphic.

Corollary 2 is a generalization of the result announced in [3].

COROLLARY 3. If M is a 3-manifold, G is a cellular decomposition of M such that
M|G is a 3-manifold N, and P[H,] lies in a closed set of dimension at most two, then
M and N are homeomorphic.

The following corollary is a generalization of Theorem 3 of [2].

COROLLARY 4. If M is a 3-manifold, G is a cellular decomposition of M, M|/G is a
3-manifold N, and P[H] is contained in a closed O-dimensional set, then M and N are
homeomorphic.

The next two corollaries deal with point-like decompositions of E® and S3. It is
clear that if M is either E® or S3, G is a point-like decomposition of M, and ¢ is a
compact proper subset of M, then P ~![os] lies in an open 3-cell in M. It was
mentioned in §2 that in E® and S3, “point-like” and “cellular” are equivalent.

COROLLARY 5. Suppose that M is either E® or S°,G is a point-like decomposition
of M, and M|G is a 3-manifold N such that N has a triangulation, no vertex of which
belongs to Cl P[H;). Then M and N are homeomorphic.

COROLLARY 6. Suppose that G is a point-like decomposition of S®, S°/G is a
3-manifold N, and there is an open set U such that U and P[H;) are disjoint. Then N
is homeomorphic to S®.

Proof. N is a compact connected 3-manifold. Hence N has a triangulation, each
vertex of which lies in U. Then Corollary 6 follows from Corollary 5.
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8. Cellular maps of compact 3-manifolds. In this section, we shall formulate
some of the results of this paper in terms of continuous functions rather than upper
semicontinuous decompositions. We restrict our attention to compact manifolds.

If M is a 3-manifold, by a cellular map from M into a space is meant a continuous
function with domain M such that if y € f[M], f~*[y] is a cellular subset of M.
If fis a continuous function from a space X onto a space Y, then a point p of Yis a
nonsingular point of fif and only if there is an open neighborhood U of p such that
S~ U is a homeomorphism. A point p of Y is a singular point of f if and only if p
is not a nonsingular point of f. The set of all singular points of fis closed in Y.

COROLLARY 7. Suppose that f is a cellular map from a compact 3-manifold M
onto a 3-manifold N. Suppose N has a triangulation T such that (1) no vertex of T
is a singular point of f and (2) if o is any 3-simplex of T, then f ~*[c] lies in an open
3-cell in M. Then M and N are homeomorphic.

COROLLARY 8. Suppose that f is a cellular map from a compact 3-manifold M
onto a 3-manifold N such that the set of all singular points of f is nowhere dense in N.
Then M and N are homeomorphic.

COROLLARY 9. Iff'is a cellular map from S® onto a 3-manifold N and the set of all
singular points of f is a proper subset of N, then N is homeomorphic to S*.
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